The aim of this note is the study of Einstein condition for para-holomorphic Riemannian metrics in the para-complex geometry framework. Firstly, we make some general considerations about para-complex Riemannian manifolds (not necessarily para-holomorphic). Next, using an one-to-one correspondence between para-holomorphic Riemannian metrics and paraKähler Norden metrics, we study the Einstein condition for a para-holomorphic Riemannian metric and the associated real para-Kähler Norden metric on a para-complex manifold. Finally, it is shown that every semi-simple para-complex Lie group inherits a natural paraKählerian Norden Einstein metric.
Introduction
A (holomorphic) complex Riemannian manifold is a complex manifold M , together with a (holomorphic) complex tensor field G that is a complex scalar product (i.e., nondegenerate, symmetric, C-bilinear form) on each holomorphic tangent space of M . Geometrical aspects of the complex Riemannian manifolds with analytic (holomorphic) metrics and their applications to mathematical physics have been investigated by many authors, see for instance [8, 10, 11, 12, 16, 22, 24, 28, 33] . The holomorphic Riemannian geometry possesses an underlying real geometry consisting of a pseudo-Riemannian metric of neutral signature for which the (integrable) almost complex structure tensor is anti-orthogonal. This leads to the notion of an anti-Kählerian manifold (also known as Kähler-Norden manifold [15, 25, 26, 32] or B-manifold [10] ) that is a complex manifold with an anti-Hermitian metric and a parallel almost complex structure. In [3] , it is proved that a metric on such a manifold must be the real part of a holomorphic metric. There is studied the Einstein condition for anti-Kählerian metrics and it is shown that the complexification of a given Einstein metric leads to a method of generating new solutions of Einstein equations from a given one. Some generalized Einstein conditions on holomorphic Riemannian manifolds are studied in [26] .
Although the almost product Einstein manifolds are studied in [2] , our aim in this note is to formulate some analogue results as in [3, 26] concerning the Einstein condition for para-holomorphic Riemannian metrics in terms of para-complex geometry.
The notion of almost para-complex structure (or almost product structure) on a smooth manifold was introduced in [23] and a survey of further results on para-complex geometry (including para-Hermitian and para-Kähler geometry) can be found for instance in [6, 7] . Also, other further signifiant developments are due in some recent surveys [1, 4, 5] , where some aspects concerning the geometry of para-complex manifolds are presented sistematically by analogy with the geometry of complex manifolds using some para-holomorphic coordinate systems. See also [9, 17, 19, 21] .
The paper is organized as follows. In the Section 2, following [1, 4, 17] , we brief recall some basic notions used in the para-complex geometry. In Section 3, we define para-complex Riemannian metrics on para-complex manifolds, we prove that the real part of such a metric is a para-Norden (or almost product Riemannian) metric and following the construction from the complex case [11, 12] , we make some general considerations about the Levi-Civita and characteristic connections on para-complex Riemannian manifolds. Also, a Schur type theorem concerning the para-holomorphic curvature is presented and we write Einsten equations in our setting. In Section 4, starting from an one-to-one coorespondence between para-holomorphic Riemannian metrics and real para-Kähler Norden metrics on a para-complex manifold, we prove an equivalence between Einstein condition with real constant for para-holomorphic Riemannian metrics and for the associated para-Kähler metric, giving an analogue result from the case of anti-Kählerian Einstein manifolds [2, 3] . Also, the case when the para-holomorphic Riemannian metric is Einstein with a para-complex constant is also analysed in the similar manner with the case of Kähler-Norden metrics [26] . In the last Section, as an example of our study, it is shown that every semi-simple para-complex Lie group inherits a natural para-Kählerian Norden Einstein metric.
We notice that other problems related to generalized Einstein condition as in [26] can be adressed in the context of para-holomorphic Riemannian manifolds. Also, an important example of anti-Kählerian Einstein metric on the tangent bundle of a space form is given in [27] and a similar study can be also analysed in the context of para-complex geometry.
The main methods used here are similarly and closely related to those used in the study of complex Riemannian manifolds [11, 12, 16] and anti-Kählerian manifolds [2, 3, 26, 32] .
Preliminaries and settings in para-complex geometry
The algebra of para-complex numbers is defined as the vector space C = R × R with mulplication given by (
Setting e = (0, 1), then e 2 = (1, 0) = 1 and we can write C = R + eR = {z = x + ey | x, y ∈ R}. The conjugation of an element z = x + ey ∈ C is defined as usual by z = x − ey and Re z = x and Im z = y are called the real part and imaginary part of the para-complex number z.
A para-complex structure on a real finite dimensional vector space V is defined as an endomorphism I ∈ End(V ) which satisfy I 2 = Id, I = ±Id and the following two eigenspaces V ± := ker(Id ± I) corresponding to the eigenvalues ±1 of I have the same dimension. Such a pair (V, I) it is called a para-complex vector space. Consequently, an almost para-complex structure on a smooth manifold M is defined as an endomorphism I ∈ End(T M ) with the property that (T x M, I x ) is a para-complex vector space, for every x ∈ M . Moreover, an almost para-complex structure I on M is said to be integrable if the distributions T ± M = ker(Id ∓ I) are both integrable, and in this case I is called a para-complex structure on M . A manifold M endowed with a para-complex struture is called a para-complex manifold. The para-complex dimension of a para-complex manifold M is the integer n = dim
Given two almost para-complex manifolds (M, I M ) and (N, I N ), a smooth map f : (M, I M ) → (N, I N ) is called para-holomorphic (respectively: anti-para-holomorphic) if
As usual, the Nijenhuis tensor N I associated to an almost para-complex structure I is defined by
for every X, Y ∈ Γ(T M ), and according to [4] we have that I is integrable iff N I = 0. The Frobenius theorem implies, see [5] , the existence of local coordinates (z
. . , n}. Such (real) coordinates are called adapted coordinates for the para-complex structure I.
As in the complex case, on every para-complex manifold (M, I M ) we can define an atlas of para-holomorphic local charts (U α , ϕ α ), such that the transition functions ϕ β •ϕ
n are para-holomorphic functions in the sense of (2.1). Moreover, with every (real) adapted coordinate system (z a + , z a − ), a ∈ {1, . . . , n} on U α we can associate a paraholomorphic system (z a ), a = 1, . . . , n by setting
According to [4] , z a are para-holomorphic functions in the sense of (2.1) and the transition functions between two para-holomorphic coordinate systems are also para-holomorphic. Equivalently, if ( z b ), b = 1, . . . n is a para-holomorphic coordinate system on U β , with z b = x b + e y b , then the following para-Cauchy-Riemann equations hold (see for instance [17] ):
In this case, on each U α , I is given by
Now, we consider the para-complexification of the tangent bundle T M as the R-tensor product
are the eigenspaces of I with eigenvalues ±e. Also, if I is integrable, that is (M, I) is a paracomplex manifold, the para-complex vectors
form a basis of the spaces T 1,0 6) where (z a ) are local para-holomorphic coordinates on (M, I) and z a = z a .
Para-complex Riemannian manifolds
Let M be a para-complex manifold of para-complex dimension n and denote by (M, I) the manifold considered as a real 2n-dimensional manifold with the induced almost para-complex structure I.
Definition 3.1. A para-complex Riemannian metric on M is a covariant symmetric 2-tensor field
which is non-degenerate at each point of M and satisfies
It is easy to see that the relation (3.2) is equivalent to
where we have denoted again by I the C-linear extension of I to T C M . Thus a para-complex Riemannian metric on M is completely determined by its values on Γ(T 1,0 M ).
Definition 3.2. The pair (M, G) consisting by a para-complex manifold M and a para-complex Riemannian metric G on M , will be called a para-complex Riemannian manifold.
If (z a ), a = 1, . . . n is a para-holomorphic coordinate system on M , such that Γ(T C M ) = span{∂/∂z a , ∂/∂z a }, we put
Then, for a para-complex Riemannian metric G, the defining conditions (3.1) and (3.2) can be expressed locally as
A para-complex Riemannian metric G on a para-complex manifold M is called para-holomorphic Riemannian metric if the local components G ab are para-holomorphic functions, i.e. ∂G ab ∂z c = 0 , for every c ∈ {1 . . . , n}.
In this case, the pair (M, G) is called a para-holomorphic Riemannian manifold.
As in the case of complex Riemannian manifolds (see [11] ) for a given para-complex metric G on M , we define the tensor field G on M by setting
This metric is said to be associated with G (also called twin metric), and locally, it satisfies
Also, we notice that given a para-complex Riemannian manifold (M, G), the para-complex Riemannian metric G induces a real Riemannian metric g on the real manifold (M, I) by setting
where
Such a real metric is also known as an almost product Riemannain metric or para-Norden metric, and the para-Norden manifold (M, I, g) will be called the realization of (M, G). The para-Norden manifolds are studied for instance in [30, 31] . Conversely, every para-Norden metric on the real manifold (M, I) induces a para-complex Riemannian metric on the para-complex manifold M by setting
as above, and next we extend G to have the conditions (3.1) and (3.2), which is possible because of (3.10).
Given any linear connection D on a para-complex manifold (M, I), with respect to a paraholomorphic coordinate system, we put
We notice that the covariant differentiation, which is defined for real vector fields in Γ(T M ), can be extended by para-complex linearity on para-complex vector fields from Γ( Similary to the complex case [25, 26, 32] (see also, [2, 3] ), we have the following one-to-one corresponce between the para-Kähler Norden metrics and para-holomorphic Riemannian metrics on a para-complex manifold (M, I). Proposition 3.1. Let (M, I) be a para-complex manifold. If G is a para-holomorphic Riemannian metric (M, I) then g defined in (3.9) is a para-Kähler Norden metric on (M, I), and conversely if g is a para-Kähler metric on the (real) manifold (M, I) then G defined in (3.11) is a paraholomorphic Riemannian metric on (M, I).
By direct calculus, we easy obtain
Now, let us denote by ∇ and ∇ the Levi-Civita connections of G and G, respectively. Then, as usual, the Christoffel symbols of G are given by
where (G AB ) n×n denotes the inverse matrix of (G AB ) n×n , and similarly for the Christoffel symbols Γ C AB of G.
Taking into account (3.5) and (3.8), we have the following relations which relates the Christoffel symbols of G and G, respectively
By analogy with the complex case [11] , we define the fundamental tensor Φ on a para-complex Riemannian manifold by setting
By this definition, we deduce
Using (3.15), (3.13), (3.14) and (3.16) the nonvanishing components of the fundamental tensor Φ are given by
Also, from (3.15) and (3.17) we have Proposition 3.3. The fundamental tensor of a para-complex Riemannian manifold (M, G) satisfy
) is the realization of a para-complex Riemannian manifold (M, G) we can define as in (3.15) the fundamental tensor for real vector fields, and the property (3.16) of Φ implies that Φ is the para-complex extension of the real fundamental tensor on (M, I, g).
In the following, we extend the study from [11] to the para-complex case, and we shall construct a characteristic linear connection on a para-complex Riemannian manifold.
We consider the fundamental tensor of type (0, 3) defined by
In a para-holomorphic coordinate system on M , we have locally 20) and the nonvanishing componets of Ψ AB,C are
We have The linear connection from the above theorem, will be called the characteristic connection of the para-complex Riemannian manifold (M, G).
The defining equality (3.22) of the characteristic connection and the properties of the fundamental tensor, implies On the realization of a para-complex Riemannian manifold we have (ii) D is almost para-complex;
The defining equality = L c ab , (3.25) that is, D is completely determined on Γ(T 1,0 M ).
We notice that a vector field Z = Z a (∂/∂z a ) on a para-complex manifold is para-holomorphic if Z a are para-holomorphic functions. Also, according to Lemma 2.1.6 [19] , a vector field X = (1/2)(X + eIX) is para-holomorphic iff
In that follows we denote the set of para-holomorphic vector fields on (M, I) by Γ ph (T 1,0 M ).
We have As a direct consequence of (3.21), (3.13), (3.14), Corollary 3.1 and (3.22), we get Let R be the characteristic curvature tensor of the characteristic connection D, defined as usual by
The local components of R are given by 27) and the nonvanishing components of R are
It is easy to see that R and their para-complex conjugates. Moreover, every nondegenerate 2-plane in T 1,0 z M is called a para-holomorphic 2-plane, and the para-holomorphic characteristic sectional curvature for a given 2-plan P = span{Z 1 , Z 2 }, where
(3.31)
The following Schur type theorem holds.
Theorem 3.3. Let (M, G) be a connected para-holomorphic Riemannian manifold of para-complex dimension n ≥ 3. If the para-holomorphic sectional curvatures does not depend on the 2-plane P , then (M, G) is of constant para-holomorphic sectional curvature.
In the end of this section we describe the Einstein equations for para-complex Riemannian manifolds. The associated characteristic Ricci tensor Ric is locally given by
and its nonvanishing components are
The function ρ defined by
is called the scalar curvature of D and it is a real function.
is called the Einstein equation of the para-complex Riemannian manifold (M, G). In the equation (3.35), the left hand side is called the Einstein curvature which is constructed using the paracomplex Riemannian metric G, while in the right hand side we have a tensor T called the stressenergy-momentum tensor and represents the matter and energy that generate the gravitational field of potentials (G AB ). The constant c is the gravitational constant. Locally, the Einstein equation is expressed as
If the Einstein equation holds, then taking into account (3.5) it follows that Ric ab = 8πcT ab . In the empty leave space (no matter, no energy) we have T AB = 0, and contracting (3.36) with G AB one gets ρ = 0 and so it reduced to Ric AB = 0. which is called the continuity condition for para-complex Riemannian manifold (M, G). Finally, by analogy with the complex case, see [16] , the following result concerning the Einstein condition for para-complex Riemannian manifolds holds. 
Para-holomorphic Riemannain Einstein manifolds
We recall that a (real) metric g on the (real) manifold M is said to be an Einstein metric if
where λ is a real constant and Ric(g) denotes the Ricci tensor of the metric g. In this section, we prove that by taking the real part of a para-holomorphic Einstein metric on a para-complex manifold (M, I) of para-complex dimension n one gets a real Einstein manifold of real dimension 2n obtaining a result similar to Theorem 5.1 from [3] from the anti-Kählerian manifolds case.
Let (M, G) be a para-holomorphic Riemannian manifold. Then, as we already noticed in the previous section the relations (3.9) and (3.11) establishes an one-to-one correspondence between the para-Kähler Norden metrics on the (real) manifold (M, I) and the para-holomorphic metrics on the para-complex manifold M .
Although we can follow an argument similar from [2, 3] , for a better presentation of the notions that we use, in this section we denote the para-holomorphic Riemannain metric G by g and we follow an argument similar to [26, 32] for Kähler-Norden manifolds.
Without loss of generality, we consider the (real) vector fields X, Y, . . . ∈ Γ(T M ) such that X, Y , . . . ∈ Γ ph (T 1,0 M ), are para-holomorphic vector fields on the para-complex manifold (M, I), that is the relation (3.26) holds. Then, we easily obtain
Also, by a direct calculation, we have that for every para-complex function f = Re f + eIm f on M , and every vector field X ∈ Γ(T M ), the following relation holds
and, moreover, if f is para-holomorphic, then the para-Cauchy-Riemann equations imply
Now, for every real tangent space T z,R M , z ∈ M , we can choose an adapted orthonormal (real) frame {e a , Ie a }, a ∈ {1, . . . , n}, such that g(e a , e b ) = g(Ie a , Ie b ) = δ ab , g(e a , Ie b ) = 0 , a, b ∈ {1, . . . , n}. (4.5)
Then, we obtain an adapted para-complex frame { e a }, a ∈ {1, . . . , n}, for Γ(T
, where e a = (1/2)(e a + eIe a ) for which g( e a , e b ) = (1/2)δ ab .
Let ∇ and ∇ be the Levi-Civita connections of the para-Kähler Norden metric g and of the para-holomorphic Riemannian metric g, respectively. According to the discussion from the previous section, ∇ is a para-holomorphic connection, and also, by the symmetry of ∇ and using (4.2), we obtain
Let us consider now the Koszul formula which gives the Levi-Civita connections ∇ of g
and similar, we can write this formula for the real metric g, with ∇, g, X, Y and Z, respectively. Using (3.11), (4.2) and (4.4), it follows
Now, by the above formulas, (4.2) and the Koszul formula (4.7) for the real metric g, the relation
which implies the following important relation
In the sequel we consider the Riemann curvature tensors R and R of ∇ and ∇, respectively. Taking into account that ∇ is almost para-complex, i.e ∇I = 0, and also using (4.2) and (4.6), we obtain that R is totally pure (or I-symmetric), that is (see also [31] )
By direct calculus, using (4.2) and (4.9), it follows that the Riemann curvature tensors R and R are related by
Now, let us consider the Ricci tensor fields associated to the metrics g and g, respectively, given by 12) and let us denote by Q and Q be the associated Ricci operators, given by
We have Proposition 4.1. The Ricci tensors Ric(g), Ric( g) and the Ricci operators Q, Q satisfy the following relations
and
Proof. The relations (4.14) follow directly from the defining relations (4.12) and (4.13) and using (4.10).
For the first relation of (4.15), using the orthonormal frame {e a , Ie a }, a ∈ {1, . . . , n}, we have
where we have also used (4.10) and (3.10). Next, using the adapted para-complex frame { e a }, a ∈ {1, . . . , n} and the formulas (3.11), (4.10) and (4.11) we obtain
which together with the previous equality implies the first relation of (4.15). This together with (3.11) gives the following relation for the Ricci operators Q and Q
which proves the second relation of (4.15).
The first relation of (4.15) leads to the announced result, that is Theorem 4.1. Let us suppose that (M, I, g) is a para-Kählerian Norden manifold, that is a paracomplex manifold of para-complex dimension n endowed with a para-holomorphic Riemannian metric g ≡ ( g ab (z)), a, b ∈ {1, . . . , n} and with a real metric g ≡ (g jk (x)), j, k ∈ {1, . . . , 2n} given by g = 2Re g. Then the para-holomorphic metric g is Einstein with the real constant λ if and only if the real metric g is Einstein metric with the same constant.
Remark 4.1. We notice that starting from the original para-Kählerian Norden metric g on a paracomplex manifold (M, I), the real twin metric can be considered, that is h(X, Y ) :
Moreover, if we denote by ∇ the covariant differentiation of the Levi-Civita connection associated to the para-Kählerian Norden metric g, then we have (see [31] )
The above relation says that, the Levi-Civita connection of g coincides with the Levi-Civita connection of h, thus they have the same real and para-complex Riemann and Ricci tensors (see also the discussion from the previous section). In the real case only one of two twin metrics can be Einsteinian. In para-complex case the Einstein condition Ric( g) = λ g implies Ric( h) = eλ h, that is , both para-holomorphic metrics g and h are Einstein metrics at the same time. Also, we can conclude that the metric h is an Einstein metric with an imaginary cosmological constant.
If the para-holomorphic metric g is Einstein with para-complex constant λ, that is 18) then, similarly to the Kähler-Norden manifolds from the complex case, see [26] , we can describe the following generalization of Theorem 4.1. We consider the real scalar curvatures K, K * of g, and the para-holomorphic scalar curvature
We have Proposition 4.2. The real scalar curvatures K, K * and the para-holomorphic scalar curvature K are related by
Proof. Using (4.14) and (3.10), we obtain the following expressions for K and K * : which proves (4.19) . Now, by applying the para-Cauchy-Riemann equations to the para-holomorphic function K and taking into account that Re K = K/2 and Im K = K * /2, we get
Then, the following theorem, which is an analogue of Theorem 1 from [26] for Kähler-Norden manifolds, holds. Moreover, in the formula (4.21), we have λ 1 = K/2n and λ 2 = K * /2n.
Proof. Taking into account the formula (3.11) and the first relation of (4.15), we see that (4.18) holds iff
which is equivalent to (4.21). Moreover, using (4.21), it follows that the Ricci operator Q satisfy
Now, the shape constants λ 1 , λ 2 can be obtained from these two relations using the definitions of K and K * , respectively. Indeed, using the orthonormal frame {e a , Ie a }, a ∈ {1, . . . , n}, we have
and similarly, we obtain K * = 2nλ 2 .
5 Para-complex Lie groups as para-holomorphic Riemannian Einstein manifolds Definition 5.1. A para-complex Lie group, is a group G, which is also a para-complex manifold, such that the group multiplication φ : G × G → G, φ(z, v) = z · v and the inverse map z ∈ G → z −1 ∈ G are para-holomorphic.
Let U be a coordinate neighborhood of the identity u G of an m-parameter para-complex Lie group G. The coordinates of u G are identified with {0, . . . , 0} ∈ C m , while the coordinates of elements of z, v, w of U will be denoted by {z a }, {v a }, {w a }, respectively, a, b, c, . . . ∈ {1, . . . , m}. The map φ : G × G → G given by w = φ(z, v) is represented para-holomorphically by m equations w α = φ a (z, v), in which {φ a } denotes a set of r para-complex-valued para-holomorphic functions on G × G, where
follows that up to and including second order terms
where the 3-index symbols A a bc are para-complex constants (in a given para-holomorphic coordinate system) in terms of which the structure constants of G are defined as
The derivatives (5.2) give rise to the definitions of the following para-holomorphic functions on G:
it being noted as a direct consequence of (5.
Using the same technique as in the real (complex) case, [13, 29, 14] , we obtain that * 6) defines the local coefficients of an unique torsion-free para-holomorphic connection on G.
The torsion-free para-holomorphic connection from (5.6) is always metric with respect to the para-holomorphic tensor field g ∈ T 1,0 G * ⊗ T 1,0 G * whose local components are given by
bc are the para-complex Cartan-Killing elements of the para-complex Lie group G. Moreover, if the para-complex Lie group G is semi-simple, that is det g ab = 0 (or equivalently det C ab = 0), it is the only symmetric para-holomorphic connection for which this is the case.
Remark 5.1. For the case of para-holomorphic metric tensor g from (5.7) its symmetry is guaranted from the expression of para-complex Cartan-Killing elements C ab . If G is semi-simple then the para-holomorphic connection coefficients from (5.6) admit a representation in terms of the para-complex Christoffel symbols of (5.7).
Remark 5.2. The para-holomorphic metric tensor g ab from (5.7) is not in general unique such that the torsion-free para-holomorphic connection from (5.6) is metric with respect to it, (see the construction from the real case [29] ).
As usual, the para-holomorphic curvature tensor of the torsion-free para-holomorphic connection from (5.6) must be specified as By comaparing this para-holmorphic tensor with the para-holomorphic metric tensor from (5.7) it is seen that the para-holomorphic Ricci tensor satisfies 10) which implies that every para-complex Lie group is locally para-holomorphic Einsteinian. Now, as well as we noticed, if G is a semi-simple para-complex Lie group the para-holomorphic metric tensor from (5.7) is symmetric and nondegenerated. Thus, according to discussion from the Section 4 ds 2 = 2Re g ab (z)dz a ⊗ dz b (5.11) defines a para-Kählerian Norden metric on G. Consequently, we have Theorem 5.1. Every semi-simple para-complex Lie groups is a para-Kählerian Norden Einstein space with respect to the para-Kählerian Norden metric defined by (5.11).
Also, the following proposition holds.
Proposition 5.1. If the para-complex Lie group is semi-simple then its para-holomorphic curvature scalar is constant and it is given by
Moreover, it is natural to consider the type (0, 4) para-holomorphic curvature tensor associated with (5.7) and (5.8) as 13) and, the explicit expression of this para-holomorphic tensor is given by The para-holomorphic sectional curvature k(Z, W ) of G with respect a pair of para-holomorphic vector fields Z, W ∈ Γ ph (T 1,0 (G)) can be written in accordance with the standard formula
Finally, we notice that similarly to the real case [29] , the following two theorems hold.
Theorem 5.2. The para-holomorphic sectional curvature of a para-complex Lie group G with respect to every pair of right-invariant para-holomorphic vector fields is constant. 
